Relic gravitons from stiff curvature perturbations by Giovannini, Massimo
Relic gravitons from stiff curvature perturbations
Massimo Giovannini 1
Department of Physics, CERN, 1211 Geneva 23, Switzerland
INFN, Section of Milan-Bicocca, 20126 Milan, Italy
Abstract
The tensor modes reentering the Hubble radius when the plasma is dominated by a stiff fluid
lead to a spectral energy density whose blue slope depends on the total post-inflationary
sound speed. This result gets however corrected by a secondary (gauge-dependent) term
coming from the curvature inhomogeneities that reenter all along the same stage of expansion.
In comparison with the first-order result, the secondary contribution is shown to be always
suppressed inside the sound horizon and its effect on the total spectral energy density of the
relic gravitons is therefore negligible for all phenomenological purposes. It is also suggested
that the effective anisotropic stress of the curvature inhomogeneities can be obtained from
the functional derivative of the second-order action of curvature inhomogeneities with respect
to the background metric.
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A primeval stiff and irrotational fluid has been originally proposed, with different mo-
tivations, by Zeldovich [1], Sakharov [2] and Grishchuk [3]. After the formulation of the
conventional inflationary paradigm Ford [4] observed that gravitational particle production
at the end of inflation could account for the entropy of the present universe and suggested
that the backreaction effects of the created quanta constrain the length of a stiff post-
inflationary phase by making the expansion dominated by radiation. It has been later
argued by Spokoiny [5] that various classes of scalar field potentials exhibit a transition from
inflation to a stiff phase dominated by the kinetic energy of the inflaton. A generic signa-
ture of a post-inflationary phase stiffer than radiation is the production of relic gravitons
with increasing spectral energy density [6]. In quintessential inflationary models the inflaton
and the quintessence field are identified in a single scalar degree of freedom [7, 8] and vari-
ous concrete forms of the inflaton-quintessence potential have been scrutinized through the
years. The transition between an inflationary phase and a kinetic phase can be realized both
with power-law potentials and with exponential potentials. Within the Palatini approach it
has been recently suggested that in the presence of a generalized gravitational action, the
slow-roll parameters and the tensor-to-scalar ratio can be suppressed in comparison with
the conventional situation [9, 10, 11, 12]. In this case the inflation-quintessence field can
also have a power-law dependence during inflation [13] without conflicting with the standard
bounds on the tensor-to-scalar ratio. In different frequency domains the spectra of the relic
gravitons can be used not only to infer the early evolution of the space-time curvature, but
also to test the evolution of the plasma for temperatures in the MeV range, i.e. prior to
the formation of light nuclei [14]. Different classes of models have been proposed and are
overall consistent with the observational constraints [15, 16]. The occurrence of a stiff post-
inflationary phase may even increase the maximal number of e-folds that are today accessible
by large-scale observations [6, 17].
The power spectra of the tensor modes exiting the Hubble radius during the inflationary
epoch and reentering in a generic stiff phase are less suppressed than in the case of a radiation-
dominated evolution. More specifically, if the stiff scale factor evolves as a(τ) ' τα in the
conformal time parametrization the corresponding tensor power spectra are:
P
(st)
T (q, τ) = P T (q)
sin2 qτ
|q τ |2α , P T (q) = AT
(
q
qp
)nT
, α =
2
3w + 1
, (1)
where the superscript reminds that the corresponding modes exited during inflation but
reentered in the stiff epoch; following the standard notations w is the barotropic index; AT
denotes the amplitude of the tensor power spectrum at the pivot scale qp and nT is the tensor
spectral index. If 1/3 < w ≤ 1 the slope appearing in Eq. (1) is such that 1/2 ≤ α < 1.
The stiff power spectrum inside the Hubble radius (i.e. q > aH) is therefore enhanced in
comparison with the analog result valid during a radiation-dominated stage of expansion;
using standard notations the Hubble rate will be denoted by H while H = aH = a′/a
where the prime denotes a derivation with respect to the conformal time coordinate τ . The
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spectrum of Eq. (1) can be related to its radiation counterpart as:
P
(st)
T (q, τ) =
∣∣∣∣ qaH
∣∣∣∣2(1−α) P (rad)T (q, τ), P (rad)T (q, τ) = P T (q) sin2 qτ|q τ |2 , (2)
where P
(rad)
T (q, τ) is the tensor power spectrum of the modes exiting during inflation and
reentering when the background is dominated by radiation. All in all Eqs. (1) and (2) imply
that the stiff power spectra are comparatively less suppressed than their radiation analog
inside the Hubble radius, i.e. P
(st)
T (q, τ) P (rad)T (q, τ) for q  aH.
In full analogy with the tensor modes, the stiff curvature inhomogeneities (denoted here-
under by R) are also enhanced when the corresponding wavenumbers are shorter than the
sound horizon rs(τ):
rs(τ) =
∫ τ
0
cst(τ
′) dτ ′, c2st(τ) =
p′t
ρ′t
, (3)
where cst(τ) will denote throughout the sound speed of the plasma. The stiff spectra of
curvature perturbations exceed their radiation analog and follow a scaling law that is similar
to Eq. (2) with the difference that the Hubble radius is now replaced by the sound horizon
of Eq. (3):
P
(st)
R (q, τ) = |q rs(τ)|2(1−α)P (rad)R (q, τ), |q rs(τ)|  1. (4)
The enhancement of the stiff spectra of curvature inhomogeneities naively implies a larger
second-order contribution to the relic graviton background but this expectation will now be
more carefully scrutinized. Suppose, in a preliminary perspective, that the inflationary phase
is followed by a radiation-dominated stage of expansion; in this situation the spectral energy
density consists of a first-order contribution supplemented by a second-order correction [18,
19]:
h20 Ωgw(q, τ0) =
rTAR h20 ΩR0
12
(
q
qp
)nT [
1 +
AR
rT
f(q, ns)
(
q
qp
)γ]
, γ = 2(ns − 1)− nT , (5)
where ns is the scalar spectral index and f(ns, q) is a slowly varying function of ns and q; ΩR0
will denote throughout the critical fraction of the energy density stored in the relativistic
species (in the concordance paradigm h20ΩR0 = 4.15 × 10−5). In Eq. (5) the amplitude
of curvature perturbations has been related to the tensor amplitude of Eq. (1) via the
standard tensor to scalar ratio rT (i.e. AT = rTAR). For 0.9 < ns < 1 (and in the whole
range of comoving frequencies between the aHz and the MHz) f(ns, q) varies between 10
−2
and 10−3. Equation (5) therefore suggests that the second-order contribution to the tensor
background could be, in principle, rather large provided the scalar spectral index is blue as
it happens, incidentally, in the case of waterfall transitions [19, 20]. Examples of equally
large contributions have been proposed in the context of the reheating dynamics [21, 22].
While Eq. (5) holds in the case of a post-inflationary phase dominated by radiation, the
first-order tensor mode functions reentering during the stiff epoch (i.e. q ≥ aH) have a
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different form that can be computed within the Wentzel-Kramers-Brioullin (WKB) approx-
imation:
h
(1)
i j (~q, τ) = hi j(~q )
sin q τ
|q τ |α , ∂τh
(1)
i j (~q, τ) = q hi j(~q )
[
cos qτ
|q τ |α − α
sin qτ
|q τ |α+1
]
, (6)
where α has been already introduced in Eq. (1) and the superscript refers to the first-order
contribution. In Eq. (6) hi j(~q ) is just a solenoidal, traceless and stationary random field
whose correlation function obeys2:
〈hi j(~q )hmn(~q ′)〉 = 2pi
2
q3
Si j mn(qˆ)P T (q) δ(3)(~q + ~q ′), (7)
Si j mn(qˆ) = 1
4
[
pim(qˆ)pjn(qˆ) + pin(qˆ)pjm(qˆ)− pij(qˆ)pmn(qˆ)
]
. (8)
In Eq. (8) pij(qˆ) = [δij − qˆiqˆj] is the standard transverse projector and P T (q) coincides with
the expression of Eq. (1). From Eq. (6) it is immediate to show, using Eq. (8) that
〈h(1)i j (~q, τ)h(1)mn(~q ′, τ)〉 =
2pi2
q3
Si j mn(qˆ)PT (q, τ) δ(3)(~q + ~q ′). (9)
If the tensor modes reenter during a stiff stage of expansion the PT (q, τ) appearing in Eq.
(9) coincides with P
(st)
T (q, τ) of Eq. (1). The variation of the tensor action with respect to
the background metric leads to the energy-momentum tensor of the relic gravitons whose
corresponding energy density is therefore given by [14, 24]:
ρgw =
1
8`2Pa
2
[
∂τhk` ∂τh
k` + ∂mhk`∂
mhk`
]
, (10)
where hk` is given by the first-order contribution supplemented by the second-order terms
that will be specified hereunder. The random averages of Eqs. (7), (8) and (9) can be used
into Eq. (10) to obtain ρ(1)gw = 〈 ρgw 〉; consequently the first-order contribution to the spectral
energy density becomes:
h20 Ω
(1)
gw(q, τ0) =
h20
ρcrit
dρ(1)gw
d ln q
=
h20ΩR0
12
P T (q)
(
q
qr
)2(1−α)
, ρcrit =
3H2
`2P
, (11)
where `P =
√
8piG. Equation (11) encompasses all the modes that are inside the Hubble
radius at the present time and for frequencies q > qr = arHr. The transition to radiation
(occurring at the typical scaleHr) can be triggered by different kinds of reheating mechanisms
[4, 15]; note that in the case α = 1/2 Eq. (11) inherits a phenomenologically relevant
2For a gravitational wave propagating in the qˆ direction the two orthogonal polarizations are e
(⊕)
i j (qˆ) =
[mˆi mˆj − nˆi nˆj ] and e(⊗)i j (qˆ) = [mˆi nˆj + nˆi mˆj ] where mˆ, nˆ and qˆ are three mutually orthogonal unit vectors;
the sum over the two tensor polarizations is given, as usual, by
∑
λ e
(λ)
i j (qˆ)e
(λ)
mn(qˆ) = 4Si j mn(qˆ) (see, for
instance, [14]).
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(logarithmic) contribution [7, 8] which will be neglected since it is not essential for the
present ends.
The first-order spectral energy density of Eq. (11) is corrected by the effect of the
curvature inhomogeneities reentering all along the stiff phase: this addition ultimately mod-
ifies both Eqs. (2) and (11). To estimate this contribution in general terms the energy-
momentum tensor of the stiff and irrotational fluid driving the post-inflationary evolution
will be parametrized as T νµ = (ρt + pt)uµ u
ν − ptδνµ where ρt, pt and uµ are the total energy
density, the pressure and the four-velocity. During the post-inflationary phase the gauge-
invariant curvature inhomogeneities corresponding to the normal modes of the irrotational
fluid in a conformally flat background geometry evolve, in Fourier space, as [25]:
R′′~k + 2
z′t
zt
R′~k + k2 c2stR~k = 0, zt =
a2
√
pt + ρt
Hcst . (12)
In the short-wavelength limit (i.e. k2c2s  |z′′t /zt|) the solution of Eq. (12) follows from the
WKB approximation
R~q(τ) = R(~q )sin q rs(τ)|q rs(τ)|α , R
′
~q(τ) = q cstR(~q )
[
cos q rs(τ)
|q rs(τ)|α − α
sin q rs(τ)
|q rs(τ)|α+1
]
, (13)
where R(~q ) is a scalar (static) random field whose correlation function is similar to the one
of Eq. (7) :
〈R(~q )R(~q ′ )〉 = 2pi
2
q3
PR(q) δ(3)(~q + ~q ′ ), PR(q) = AR
(
q
qp
)ns−1
, (14)
where AR is the scalar amplitude at the pivot scale qp and ns is the scalar spectral index
[already introduced in Eq. (5)].
If G νµ is the Einstein tensor and T νµ denotes a generic energy-momentum tensor of the
matter sources, the effective anisotropic stress determined by the curvature inhomogeneities
can be formally expressed as:
Π ji (~x, τ) = δ
(2)
s T
j
i −
1
`2P
δ(2)s G ji , (15)
where δ(2)s is the second-order scalar fluctuations of the corresponding tensor. In a nutshell
Eq. (15) summarizes the standard Landau-Lifshitz prescription [23] for the estimate of the
energy-momentum pseudo-tensor. Moreover the explicit form of Eq. (15) is clearly gauge-
dependent (see e.g. [18] and also [26, 27, 28]). It can be shown, on a general ground, that
the effective anisotropic stresses derived in different gauges coincide inside the sound horizon
but differ significantly outside of it [28]. For the present estimates it will be sufficient to
consider the expressions inside the sound horizon in any gauge. For instance the first-order
perturbed entries of the metric in the longitudinal gauge are given by δ(1)s g00 = 2 a
2 φ and
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δ(1)gij = 2 a
2 ψ δij; using Eq. (15). a straightforward calculation leads to the following form
of the effective anisotropic stress:
Π ji (~x, τ) =
1
`2P a
2
[
∂iψ∂
jψ − ∂iφ∂jφ− ∂iφ∂jψ − ∂iψ∂jφ
+ 2ψ∂i∂
j(φ− ψ)− 2 ∂i(ψ
′ +Hφ)∂j(ψ′ +Hφ)
(H2 −H′)
]
. (16)
In Fourier space Eq. (16) can be directly expressed in terms of R~k(τ) and R′~k(τ) obeying
Eq. (12):
Πi j(~q, τ) = − 2(H
2 −H′)
(2pi)3/2 `2P a
2(τ)H2
∫
d3k ki kj
{
R~kR~q−~k +
H2 −H′
H
[ R~kR′~q−~k
c2st |~q − ~k|2
+
R′~kR~q−~k
c2st k2
]
+
(2H2 −H′)(H2 −H′)
H2 c4st k2 |~q − ~k|2
R′~kR′~q−~k
}
, (17)
where the explicit dependence of the curvature perturbations upon the conformal time coor-
dinate has been dropped for the sake of conciseness (e.g. R~k(τ)→ R~k and so on). Inserting
Eq. (13) into Eq. (17) and keeping the leading contribution inside the sound horizon the
effective anisotropic stress becomes:
Πij(~q, τ) = − 1
(2pi)3/2 `2P a
2
∫
d3k ki kj R(~k )R(~q − ~k )M [k rs(τ); |~q − ~k| rs(τ)], (18)
M [k rs(τ); |~q − ~k| rs(τ)] = 2(H
2 −H′)
H2
sin krs(τ)
[k rs(τ)]α
sin [|~q − ~k|rs(τ)]
[|~q − ~k| rs(τ)]α
. (19)
From Eqs. (18) and (19) the full evolution of each tensor polarization obeys
h′′λ + 2Hh′λ + q2hλ = −2 `2P a2(τ) Πλ, (20)
where Πλ(~q, τ) = e
(λ)
i j (qˆ)Π
i j(~q, τ)/2 (with λ = ⊕, ⊗) is obtained by projecting the result of
Eq. (18) on each of the two tensor polarizations:
Πλ(~q, τ) = − 1
2 (2pi)3/2 `2P a
2
∫
d3k k2 sλ(qˆ, kˆ) R(~k )R(~q − ~k )M [k rs(τ); |~q − ~k| rs(τ)], (21)
and sλ(qˆ, kˆ) = e
(λ)
i j (qˆ) kˆ
i kˆj. Since the energy density of Eq. (10) contains both the amplitude
hij and its derivative, the solution of Eq. (20) can therefore be expressed as:
hλ(~q, τ) = h
(1)
λ (~q, τ)− 2`2P
∫ τ
τi
dξ a2(ξ)G[q(ξ − τ)] Πλ(~q, ξ), (22)
∂τhλ(~q, τ) = ∂τh
(1)
λ (~q, τ)− 2`2P
∫ τ
τi
dξ a2(ξ) G˜ [q(ξ − τ)] Πλ(~q, ξ). (23)
The first-order contributions of Eqs. (22)–(23) coincide with the ones already introduced in
Eq. (6) and determine the explicit form of G[q(ξ−τ)] and G˜ [q(ξ−τ)] which are are Green’s
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functions of the problem. The correlation function 〈Πλ(~q, τ) Πλ′(~q ′, τ ′)〉 follows straightfor-
wardly from Eqs. (14) and (21) and the obtained result determine the power spectrum of
the anisotropic stress:
〈Πi j(~q, τ) Πmn(~q ′, τ ′)〉 = 2pi
2
q3
PΠ(q, τ, τ
′)Sijmn(qˆ)δ(3)(~q + ~q′), (24)
Πi j(~q, τ) =
∑
λ=⊕,⊗
e
(λ)
i j (qˆ)Πλ(~q, τ). (25)
The power spectrum PΠ(q, τ, τ
′) appearing in Eq. (25) is:
PΠ(q, τ, τ
′) =
q3
4pi a2(τ) a2(τ ′)`4P
∫
d3k k4 (1− µ2)2PR(k)
k3
PR(|~q − ~k|)
|~q − ~k|3
× M [k rs(τ); |~q − ~k| rs(τ)]M [k rs(τ ′); |~q − ~k|rs(τ ′)], (26)
where we defined µ = cosϑ and d3k = k2 dµ dϕ dk. The result of Eq. (26) and its descendants
have been already obtained in an analog context in Ref. [19] where, however, the role of the
power spectrum of curvature perturbations was played by the spectrum of a waterfall field
[20].
Since the first-order tensor amplitudes are not correlated with their curvature coun-
terpart, the expectation values containing a first-order tensor amplitude and a curvature
perturbation vanish (i.e. 〈hij(~q, τ)R~p(τ)〉 = 0). Consequently, when Eqs. (22)–(23) are
inserted into Eq. (10), the average of ρgw leads directly to the total spectral energy density
in critical units that is given as the sum of the first-order term Ω(1)gw(q, τ) (already discussed
in Eq. (11)) and of the second-order contribution Ω(2)gw(q, τ) following from Eqs. (24)–(26):
Ω(2)gw(q, τ) =
q3
24 piH2 a4
∫
d3k (1− µ2)2 k PR(k)PR(|~q −
~k|)
|~q − ~k|3
[
I2(~k, ~q, τ) +J 2(~k, ~q, τ)
]
, (27)
where the two integrals I(~k, ~q, τ) and J (~k, ~q, τ) are given by:
I(~k, ~q, τ) =
∫ τ
τi
a(ξ) sin[q(ξ − τ)]M [k cst ξ; |~q − ~k| cst ξ] dξ
=
2(α + 1)
α [kτ1cst]α[|~q − ~k|cst]α
∫ τ
τi
sin [q(ξ − τ)] sin (kcstξ) sin [|~q − ~k|cstξ]
ξα
, (28)
J (~k, ~q, τ) =
∫ τ
τi
a(ξ) cos[q(ξ − τ)]M [k cst ξ; |~q − ~k| cst ξ] dξ
=
2(α + 1)
α [kτ1cst]α[|~q − ~k|cst]α
∫ τ
τi
cos [q(ξ − τ)] sin (kcstξ) sin [|~q − ~k|cstξ]
ξα
. (29)
The integrals of Eqs. (28) and (29) have been presented in the case of a constant sound
speed and in the regime qcstτ  1, kcstτ  1 and |~q − ~k|cstτ  1. For a closed analytical
expression the integration over k can be divided in two complementary domains: the region
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k > q [with cut-off qmax = O(MHz)] and the region k < q [with infrared cutoff qp = O(aHz)].
This strategy has been already employed in Ref. [19] and it leads to a very good quantitive
agreement with the numerical result.
With these specifications the total spectral energy density in critical units can be ex-
pressed in the following manner
h20Ωgw(q, τ0) =
h20ΩR0rTAR
12
(
q
qr
)2(1−α) ( q
qp
)nT [
1 +
32(1 + α)2AR
15α2 rT |qcstτ0|2α c2αst
f(m, q)
(
q
qp
)γ]
f(m, q) =
[
m− 2
(2m− 1)(m+ 1) −
1
m+ 1
(
qp
q
)m+1
+
1
2m− 1
(
qmax
q
)2m−1]
, (30)
where m = ns − 2α and γ = 2(ns − 1) − nT . Thanks to Eq. (1) the multiplicative factors
appearing in front of the square bracket in Eq. (30) reconstruct the first-order result and
coincide with the expression of Eq. (11); the second term inside the squared bracket gives
instead the second-order correction. The spectral slopes and the numerical factors differ from
the ones arising in the radiation-dominated case but Eqs. (30) and of Eq. (11) have been
purposely written in a similar manner. Since qcstτ0  1 the relative correction appearing
in Eq. (30) is always much smaller than 1 and even smaller than the analog contribution
arising in Eq. (11) in the case of the radiation-dominated evolution.
For a quantitative estimate of the correction appearing in Eq. (30) we note that qp and
τ−10 are both in the aHz range so that we can trade τ
−1
0 for qp. Equation (30) becomes
therefore:
h20Ωgw(q, τ0) = rT
h20ΩR0AR
12
(
q
qr
)2(1−α) ( q
qp
)nT [
1 +
32AR
15 rT c4αst
(
1 +
1
α
)2
f(m, q)
(
q
qp
)γ−2α]
.
(31)
Let us now consider some simple numerical estimate of the first- and second-order contribu-
tions. As far as the pre-factor is concerned we have that it is of the order of 10−16. In fact,
in the concordance paradigm h20ΩR0 = 4.15× 10−5, AR = O(2.41)× 10−9 and rT ≤ O(0.01).
The frequency qr, depending on the model can be of the order of few Hz or even smaller.
For q between 10−5 Hz and qmax = 100 MHz f(m, q) = O(10−2) for 0.9 < ns < 1 and
1/2 ≤ α < 1. With the approximate identification τ0 ' q−1p the second-order correction in
the case of a radiation-dominated universe is recovered, up to numerical factors, for α = 1.
We can therefore estimate that for frequencies between the µHz and the MHz that the
second-order correction induced by a stiff phase is more suppressed by a factor (q/qp)
−2α.
In the case of cst = 1 (i.e. α = 1/2) this factor varies between 10
−12 and 10−24. A further
(frequency-independent) suppression is given by AR/rT = O(10−7). Barring therefore for
irrelevant numerical factor the second term inside the square bracket in Eq. (31) ranges
between 10−21 and 10−33 assuming 0.9 < ns < 1 and 1/2 ≤ α < 1.
While the conclusions based on Eq. (31) hold for a generic stiff phase driven by fluid
sources, the more specific case of a scalar field ϕ leads to the same results but for the sake
of accuracy the main differences will now be outlined. The evolution of the scalar normal
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modes can be derived from the following effective action
SR =
1
2
∫
d4x
(
ϕ′
H
)2√−g gαβ∂αR ∂βR, (32)
applying, for instance, in the context of quintessential inflation where the stiff phase is
driven by the kinetic energy and ϕ coincides with the inflaton-quintessence field [7, 8]. As
before the effective anisotropic stress can be computed from Eq. (15) using the standard
Landau-Lifshitz strategy [23]; therefore, in the longitudinal gauge, the result is
Πλ(~q, τ) = − 2(H
2 −H′)
(2pi)3/2 `2P a
2(τ)H2
∫
d3k k2 sλ(kˆ, qˆ)
{
R~kR~q−~k +
H2 −H′
H
[R~kR′~q−~k
|~q − ~k|2
+
R′~kR~q−~k
k2
]
+
(2H2 −H′)(H2 −H′)
H2 k2 |~q − ~k|2 R
′
~k
R′
~q−~k
}
, (33)
where sλ(qˆ, kˆ) has been already introduced above (see Eq. (21) and definition thereafter).
Equation (33) matches Eq. (17) in the limit cst → 1. It is interesting to remark that Eq.
(33) coincides with the result obtained by functional derivation of Eq. (32) with respect to
the background metric. This observation proves, incidentally, that the suggestion of Ford
and Parker [24] (originally formulated for the tensor modes) also applies in the case of the
scalar modes. Indeed the effective energy-momentum pseudo-tensor of the scalars follows
from Eq. (32) by considering the curvature perturbations and the background metric as
independent variables. By taking the functional derivative with respect to gµν we have that
the energy-momentum pseudo-tensor of the curvature inhomogeneities is:
δSR =
1
2
∫
d4x
√−g Tµν δgµν ⇒ Tµν =
(
ϕ′
H
)2[
∂µR∂νR− 1
2
gµν
(
gαβ∂αR∂βR
)]
. (34)
Recalling that the unperturbed metric must be used to raise and lower the indices, the
various components of the effective energy-momentum tensor T νµ are
T 00 = ρR, T ji = −pR δ ji + Π ji , (35)
where ρR, pR and Π
j
i are given, respectively, by:
ρR =
ϕ ′ 2
2H2 a2
[
∂τR∂τR+ ∂kR∂kR
]
, pR =
ϕ ′ 2
2H2 a2
[
∂τR∂τR− 1
3
∂kR∂kR
]
, (36)
Π ji = −
ϕ ′ 2
H2 a2
[
∂iR ∂jR− δ
j
i
3
∂kR∂kR
]
. (37)
Inside the sound horizon (which coincides with the Hubble radius in the case of a single
scalar field) the spatial gradients are of the same order of the time-derivatives; this means
that, from Eq. (36), the approximate equation of state is pR ' ρR/3. Equation (37) can be
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translated in Fourier space and projected on the tensor polarizations ei jλ (qˆ) (with λ = ⊕, ⊗)
so that Πλ(~q, τ) will be, in this case,
Πλ(~q, τ) =
1
2
eij λ(qˆ) Πij(~q, τ) = −
2(H2 −H′)
(2pi)3/2 `2P a
2(τ)H2
∫
d3k k2 sλ(kˆ, qˆ)R~kR~q−~k; (38)
in Eq. (38) the scalar field has been eliminated by using the background identity 2(H2−H′) =
`2P ϕ
′ 2. As anticipated Eqs. (38), (33) and (17) coincide inside the sound horizon: in all three
cases the leading-order result isR~kR~q−~k while all the other terms are quickly negligible when
k  aH and |~q − ~k|  aH.
All in all the first-order contribution to the total spectral energy density of the relic
gravitons expected from the concordance scenario is, at most, h20Ω
(1)
gw(q, τ0) = O(10−16.5) for
typical frequencies between few µHz and the MHz. Here we considered tensor modes exiting
the Hubble radius during inflation and reentering when the plasma is already dominated by
a stiff plasma. In this case the spectral energy density exhibits a sharply growing branch
that depends on the total sound speed of the plasma after inflation. Since the curvature
inhomogeneities will also reenter all along the stiff epoch, a secondary contribution to the
spectral energy density of the relic gravitons will be induced exactly as in the case of a
radiation-dominated plasma but with rather different quantitive features. Given that the
curvature perturbations reentering the sound horizon in the stiff phase are generally less
suppressed than those crossing the sound horizon when the plasma is dominated by radiation,
an enhanced second-order contribution might be expected for the tensor modes induced by
the curvature inhomogeneities. Overall this expectation is correct since the sum of the first-
order and of the second-order tensor contributions is indeed larger than the analog result
valid for curvature inhomogeneities reentering during radiation. However, for a stiff plasma,
the first-order contribution always exceeds the corresponding second-order results that are
therefore negligible for all phenomenologically relevant purposes. A byproduct of the present
analysis suggests that the effective anisotropic stress of the scalar modes follows by taking the
functional derivative of the second-order action of curvature inhomogeneities with respect
to the background metric. We remark that inside the sound horizon this strategy gives
exactly the same result of other gauge-dependent derivations based on the more standard
Landau-Lifshitz approach.
The author wishes to thank T. Basaglia, A. Gentil-Beccot, S. Rohr and J. Vigen of the
CERN Scientific Information Service for their kind help.
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